Experimental results are presented on chaotic vibrations of a rectangular plate with in-plane elastic constraint. The plate has initial imperfection. Opposite edges of the plate are clamped and the other edges are simply supported. One side of clamped edges is connected to elastic springs and is movable to in-plane direction. The simply-supported edges are connected to the boundaries with adhesive flexible films. Loading in-plane compressive force to the plate, the plate shows pre-buckled configuration with the type of a softening-and-hardening spring. Under periodic lateral excitation, chaotic responses are obtained in specific frequency regions. Predominant chaotic responses are examined with the Fourier spectra, the Poincaré projections and the maximum Lyapunov exponents. Furthermore, applying the Karhunen-Loéve method, contributions of vibration modes on the chaotic responses are confirmed. It is found that the chaotic responses are generated from the internal resonant vibrations with the first mode of vibration and higher modes of vibration. The chaotic responses are dominated by the lowest mode of vibration. The higher modes of vibration contribute from 11 to 20 percent to the chaos. As the exciting amplitude increases, the amplitude of the chaotic responses increases and frequency regions of the chaotic responses shift. In the larger amplitude of the response, the frequency region shifts to the higher range owing to the resonant response with the type of a hardening spring. In contrast, the frequency region shifts to the lower range when the amplitude of the chaotic response is smaller comparatively. The resonant response with the smaller amplitude corresponds to the type of a softening spring.
Introduction
Thin plates and shallow shells are used as thin walled structures in many vehicles. When the plate and shell is subjected to periodic excitation force, nonlinear vibrations occur easily. In the concept of safety design to the thin walled structures, it is important to predict occurrence of nonlinear phenomena of the plate and shell.
When the plate has initial imperfection and is compressed by in-plane force, the plate shows a curved configuration same as a shell. Under periodic lateral force, nonlinear vibrations of the plate are generated with large amplitude. In the typical regions of excitation frequency, chaotic vibrations are generated within small amplitude of the responses. Furthermore, multiple modes of vibration are excited simultaneously in the chaotic responses. It is necessary to reveal the chaotic vibrations and the contribution of vibration mode to the chaos.
Nonlinear Vibration and chaotic phenomena of plates and shells were investigated by many researchers. Nonlinear vibrations of a simply-supported shell were studied by Amabili (1) , (2) . Experimental and theoretical studies on chaotic vibrations of a shell-panel including the dynamic snap-through transition were conducted by Nagai et al. (3) - (5) .
Nonlinear vibrations of a shell-panel with clamped boundaries were studied experimentally by Maruyama et al. (6) . Modal couplings due to internal resonances were examined in the experiment. Chaotic vibrations due to internal resonances of a plate were analyzed by Chang et al. (7) . However, it seems to authors that experimental results on chaotic vibrations of a plate under in-plane constraint at clamped edges are required.
In the present paper, experimental results are shown on chaotic vibrations of the rectangular plate. The plate is clamped at opposite edges and simply-supported at the other edges. Applying the in-plane elastic constraint at one of the clamped edges, the plate is compressed initially with the pre-bucked state. To obtain the fundamental properties of the plate, the characteristics of restoring force and the linear natural frequencies are measured. Under the periodic acceleration, the frequency response curves and the nonlinear vibration responses including chaotic responses are obtained. The chaotic responses are examined with the Fourier spectra, the Poincaré projections and the maximum Lyapunov exponents. Contribution of the vibration modes to the chaotic responses is inspected by the KarhunenLoéve method (8) , (9) . Furthermore, increasing the exciting amplitude of acceleration, instability regions of the chaotic response are examined.
Test plate and fixture
The test plate and the fixture with elastic constraint are shown in Fig. 1 . The pair of the opposite edges of the plate is clamped and the other opposite edges are simply-supported. One side of the clamped edges is constrained to an in-plane direction.
As the test plate, a thin phosphor-bronze sheet is used. Table 1 shows the dimensions of the plate and the material properties. The plate has the square boundary with the length a=140 mm by the width b=140 mm . The thickness h of the plate is h=0.20 mm .
Young's modulus E and the mass density ρ are measured as E=102 GPa and ρ=7.47 ×10 3 kg/m 3 , respectively. Poisson's ration is taken as ν=0.33 .
At the clamped edges, one side of the plate is fixed by rigid blocks and is bolted with flat head bolts. The other side is clamped to a block, which is constructed with the two Table 1 Dimensions of the plate and the material properties spring plates and the slide block on the base frame. Consequently, the plate is elastically constrained to an in-plane direction at the clamped edge. The plate is compressed initially to the in-plane direction by the slide blocks. The in-plane compressive force is detected by the strain gauges attached to the spring plates. To construct simply-supported boundaries, the edges of the plate are connected to the side walls with adhesive films. The films are glued alternately along the plate edges. Thus, the edges satisfy the boundary condition of simply support.
As shown in the figure, the coordinate system is denoted by the x-axis along the simplysupported edge, the y-axis along the clamped edge and by the z-axis perpendicular to the x-y plane.
Experimental procedure
The plate with initial imperfection is subjected to the specific in-plane compressive force. Under the compressive force, the plate is deformed to the pre-buckled configuration. The fundamental properties of the plate in the pre-buckled state are inspected. Then, dynamic properties of the plate are investigated with the vibration test.
Measurement of restoring force and natural frequencies
To obtain the fundamental properties of the plate in the pre-buckled state, the characteristics of restoring force, the natural frequencies and the natural modes of vibration are measured.
The characteristics of restoring force of the plate are obtained through static deflection by static concentrated force. The static deflection is measured by a laser displacement sensor. The static concentrated force is applied on the plate with a load cell. The load cell consists of a dual-cantilevered beam with a tip needle-end. Natural frequencies and natural modes of vibration are measured as follows: Applying periodic acoustic excitation to the plate, resonant response with small amplitude is detected by the laser displacement sensor. Natural frequencies are inspected with a spectrum analyzer. Natural modes of vibration are detected by scanning the sensor over the plate surface. Furthermore, the lowest natural frequency is measured by increasing the in-plane compressive force. When the lowest natural frequency takes a minimum value, the in-plane compressive force is determined as the buckling load. The finite value of the frequency is due to static deflection by the gravitational force and inevitable initial imperfection. The initial imperfection involves the deformation caused in the process of the fabrication of the plate and the deformation caused by supporting the edges of the plate with the adhesive films.
Procedure of vibration test
The plate in pre-buckled state and the base frame are excited under lateral acceleration with the electromagnetic exciter. Dynamic responses of the plate are detected by the laser displacement sensors. The schematic diagram of vibration test apparatus is shown in Fig.2 .
Periodic lateral acceleration is applied on the plate with the excitation devices as numbered from 1 to 4. The base frame of the plate is mounted on the exciter table. The exciter controller 1 generates a sinusoidal signal and sweeps the excitation frequency with the resolution of 1 mHz. The sinusoidal signal is amplified by the power amplifier 2. The vibration exciter 3 drives and shakes the base frame with periodic lateral acceleration. Then, the periodic acceleration is applied on the plate. The acceleration is measured by the accelerometer pickup 4. The signal of the acceleration is fed back to the exciter controller 1. Then, the amplitude of the acceleration can be fixed to a constant level during a sweep of the excitation frequency. Dynamic responses of the plate are measured at multiple positions on the plate with the measurement devices as numbered from 5 to 7. To inspect model patterns generated in the chaotic responses, seven sets of the laser displacement sensors 5 are arranged over the plate surface. The sensors 5 measure the total displacements both of the plate and the base frame. The laser displacement sensor 6 measures the displacement of the base frame only. The displacement sensor controller 7 subtracts the two signals. Then, the dynamic response of the plate is detected as the relative displacement of the plate to the base frame.
Frequency response curves are obtained by sweeping the excitation frequency. The amplitude of the response is obtained in the range of excitation frequency from 30 Hz to 170 Hz. The digital frequency counter 8 measures the excitation frequency. The digital voltmeter 9 transforms the response of the plate to the amplitude in a root mean square value. Time responses at multiple positions on the plate are recorded simultaneously by the digital recorder 10. The digital spectrum analyzer 11 transforms the response to the Fourier spectra. The Poincaré projection is obtained by the following step: Dynamic displacement of the response is transformed to the velocity by the differentiation amplifier 12. The set of the displacement and the velocity is sampled sequentially based on a sampling pulse once in every period of the excitation. The pulse is generated with the phase meter 13 and the delayed pulse oscillator 14. The Poincaré projections of the responses are stored in the multi-channel recorder 15. The recorded data are transmitted to the computer 16.
To evaluate non-periodic responses, the maximum Lyapunov exponents are calculated with the procedure proposed by Wolf et al. (10) . Increasing the embedding dimension e in the pseudo phase space, the maximum Lyapunov exponents λmax are obtained. If the λmax takes a positive value, the response is confirmed as the chaos. Half of the embedding dimension corresponds to the number of vibration modes which predominantly contribute to the chaotic response. Applying the Karhunen-Loéve method, contribution ratio and related modal pattern in the chaotic response are estimated. In the vibration test, the chaotic response of the plate is drastically influenced by a small variation of in-plane thermal elongation. To obtain precise results of the chaotic response, the thermal elongation of the plate relative to the base frame should be kept constant. The temperatures both of the plate and the base frame are kept within 22.5 ± 1.0 degree of Celsius. 
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Non-dimensional notation
The following non-dimensional quantities are introduced:
where Ω0 =(1/ b 2 ) D / ρh and D=Eh 3 /12(1− ν 2 ) . The symbol Ω0 is the representative value relating to the frequency. The symbol D is the bending stiffness of the plate. The symbols ξ and η are non-dimensional coordinates. The symbol w is the non-dimensional deflection. The symbol τ is the non-dimensional time. The symbol ω is the non-dimensional excitation frequency. The symbol ωmn is the non-dimensional natural frequency of the vibration mode (m,n). The symbol fmn is the natural frequency. The symbols m and n denote the half-wave numbers along the ξ -axis and the η -axis, respectively. The symbol nc is the ratio of the in-plane compressive force Nc to the buckling load Ncr = − 51 N . In this experiment, the compressive force ratio is set as nc =0.88 , which corresponds to 88 percent of the buckling load. The symbol pd corresponds to the non-dimensional intensity of distributed force by the periodic acceleration ad . The symbol Q is the concentrated force. The symbol q is the non-dimensional quantity corresponding to Q.
Results and discussion

Deformed configuration of the plate
The plate is compressed initially to the in-plane ξ -direction. Under the compressive force ratio nc =0.88 , the plate is deformed to the pre-buckled configuration. Figure 3 shows the configuration of the plate in the pre-buckled state under the gravitational force. In the figure, the plate has the asymmetrical configuration due to the initial imperfection of the plate. Moreover, the plate has the convex configuration to the negative z-direction and the largest deflection w= − 2.3 at the position ( ξ , η )=(0.2,0.1). Figure 4 shows the characteristics of the restoring force of the pre-buckled plate under the gravitational force. The static deflections w are obtained in the range of the concentrated force q from q=-350 to 350 . The deflections w are measured from the static equilibrium position of the plate under the gravity at four positions on the plate. The deflections at the four positions ( ξ =0.6, η =0.4), (0.6,0.6),(0.4,0.6) and (0.4,0.4) are marked by circle, triangle, solid square and rhombus, respectively. The concentrated force is loaded on the center of the plate. The characteristics of the restoring force show the type of a softening-and-hardening spring. When the force q increases to the positive z-direction, the plate deflects showing the characteristics of a softening spring from w=0 to 1.5 . Over the deflection w=1.5 , the 
Characteristics of restoring force
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characteristics of restoring force turn to the type of a hardening spring. In contrast, increasing the force q to the negative z-direction, the characteristics of restoring force exhibit the type of a hardening spring. Furthermore, there are differences between the characteristics of restoring force at each measuring position over the deflection w=1.5 . When the force q increases to the positive z-direction, the plate shows the larger deflection at the position ( ξ , η )=(0.4,0.4) than the deflections at the other positions. This is because the plate has the asymmetric configuration and the largest deflection at the position ( ξ , η )=(0.2,0.1). Table 2 
Linear natural frequencies and natural modes of vibration
Frequency response curves
Nonlinear frequency-response curves of the pre-buckled plate are obtained under the gravitational force and the periodic excitation force pd cosωτ . The amplitude of excitation pd is kept constant pd =0.38 × 10 3 . The nonlinear frequency-response curves are shown in Table 2 Natural frequencies and vibration modes of the plate, nc =0.88
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Vol. 3, No. 6, 2009 ] is generated from internal resonances of the ultra-sub-harmonic resonance (1,1;2/3) with the type of a hardening spring and of the ultra-sub-harmonic resonance (2,1;4/3). In the frequency range from ω =41.3 to 41.9, the chaotic response C[(1,1;1/2), (2,1;1),(1,2;3/2)] is generated from internal resonances of the following three resonances; the sub-harmonic resonance (1,1;1/2) with the type of a hardening spring, the principal resonance (2,1;1) and the ultra-sub-harmonic resonance (1,2;3/2). In contrast, the chaotic response C[(1,1;1/2), (1,2;5/4)] shows small amplitude in the frequency range from ω =49.6 to 50.1. The chaotic response C[(1,1;1/2),(1,2;5/4)] is generated from internal resonances of the sub-harmonic resonance (1,1;1/2) with the type of a softening spring and of the ultra-sub-harmonic resonance (1,2;5/4). In the frequency range from ω =78.6 to 81.0, the chaotic response C[(1,1;1/4),(2,1;1/2),(1,2;3/4)] is generated from internal resonances of the following three resonances; the sub-harmonic resonance (1,1;1/4) with the type of a softening spring, the sub-harmonic resonance (2,1;1/2) and the ultra-sub-harmonic resonance (1,2;3/4).
Inspection of the chaotic responses
The chaotic responses are inspected in the two representative regions of frequency. In one region of frequency, the chaotic response C[(1,1;2/3),(2,1;4/3)] is generated from the ultra-sub-resonance (1,1;2/3) with the type of a hardening spring. In the other region of frequency, the chaotic response C[(1,1;1/2),(1,2;5/4)] is generated from the sub-harmonic resonance (1,1;1/2) with the type of a softening spring. The inspection both of the chaotic
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Time histories and Fourier spectra
Under the excitation amplitude pd =0.38 × 10 3 , time histories and the Fourier spectra are obtained in the regions of the chaotic responses. Figures 6(a) and (b) In the Fig.7 (a) , the predominant peaks of spectrum appear at excitation frequency ω and at the frequencies 2ω and 3ω . There are other peaks of spectrum corresponding to the sub-harmonic component (1 / 2)ω and the ultra-sub harmonic components (2 / 3)ω , (4 / 3)ω and (5 / 2)ω . The small spike of spectrum is observed at the frequency which neighbors the natural frequency ω 31c . These frequencies are close to each natural frequency and satisfy the following conditions; (4 / 3)ω ≈ ω21 , 2ω ≈ ω12 and (5 / 2)ω ≈ ω 31a . The ultrasub-harmonic component of the frequency (2 / 3)ω corresponds to the resonant response of the lowest mode of vibration. This is because the resonant response of the lowest mode of vibration indicates the type of a softening-and-hardening spring. Consequently, it is found that the chaotic response C[(1,1;2/3),(2,1;4/3)] is generated from the internal resonances with the following resonances; (1,1;2/3), (2,1;4/3), (1,2;2) and (3,1a;5/2). As shown in Fig.7(b) , the distinguished spectrum components appear at the three frequencies (1 / 2)ω , (3 / 2)ω and 2ω . The ultra-sub-harmonic-components at the frequencies (5 / 6)ω and (5 / 4)ω also show the spikes of spectrum. In addition, the peak of spectrum exists at the frequency close to the natural frequency ω 31c . These frequencies satisfy the following conditions; (1/ 2)ω ≈ ω11 , (5 / 6)ω ≈ ω21 , (5 / 4)ω ≈ ω12 and (3 / 2)ω ≈ ω31a . Thus, the chaotic response C[(1,1;1/2), (1,2;5/4)] is generated from the internal resonances with the following resonances; (1,1;1/2), (1,2;5/4), (2,1;5/6) and (3,1a;3/2). 
Poincaré projections
The maximum Lyapunov exponents
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Vol. 3, No. 6, 2009 (0.75,0.75). As the results of the Karhunen-Loéve method, contribution ratio and related modal pattern are calculated. Figure 10 shows the contribution ratio and the corresponding modal pattern in the chaotic responses C[(1,1;2/3),(2,1;4/3)] and C[(1,1;1/2), (1,2;5/4)]. The ordinate denotes the contribution ratio of each modal pattern, while the abscissa indicates the order of the contribution ratio. In the chaotic response C[(1,1;2/3),(2,1;4/3)], the modal patterns corresponding to the vibration modes (1,1), (1,2), (3,1)a, (2,1) and (3,1) c are obtained. In contrast, the modal patterns corresponding to the vibration modes (1,1), (2,1)+ (1,2), (2,1)-(1,2), (3,1)a and (3,1) 
Instability boundaries of the chaotic responses
As the exciting amplitude pd increases, the amplitude of the chaotic responses increases 
Conclusions
In the present study, experiments on chaotic vibrations of the plate with initial imperfection under the in-plane compressive force are investigated. The plate is clamped at opposite edges and simply-supported at the other edges. The magnitude of the in-plane compressive force is 88 percent to that of the buckling load. Chaotic responses are observed in four regions of frequency. In the two representative regions of the chaotic responses, modal interaction and instability boundaries of the chaotic responses are inspected in details. The results are summarized as follows:
(1) Predominant chaotic responses are induced from the internal resonances between the lowest mode of vibration and higher modes of vibration. One of the chaotic responses involves the response of the ultra-sub harmonic resonance of 2/3 order with the lowest mode of vibration. The other chaotic response involves the response of the sub-harmonic resonance of 1/2 order.
(2) In the chaotic responses, the lowest mode of vibration contributes dominantly from 80 to 89 percent, while the higher four vibration modes, which correspond to the second, third, fourth and sixth modes of vibration, respectively, have the contribution ratio from 11 to 20 percent.
(3) As the exciting amplitude increases, the amplitude of the chaotic response increases and the region of the response shifts. In the large amplitude of the chaotic response, the region shifts to the higher range owing to the resonant response with the type of a hardening spring. The resonant response corresponds to the lowest mode of vibration. In the smaller amplitude of the chaotic response, the frequency region shifts to the lower range owing to the resonant response with the type of a softening spring.
